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Solution:
If S is the length of the arc of the curve y=f(x) 
connecting the point (𝑥0, 𝑦0) and(𝑥1, 𝑦1).

Then S=
𝑥0

𝑥1 1 + 𝑦′2 dx

To find the minimum value of the functional S, where 
the two points move along 𝒙𝟐 + 𝒚𝟐=1 and x+y=4

To find the extremum value of the integral 

I=
𝑥0

𝑥1 1 + 𝑦′2 dx

If I is minimum, then  
𝜕𝐹

𝜕𝑦
-
𝑑

𝑑𝑥

𝜕𝐹

𝜕𝑦′
=0, where 

F= 1 + 𝑦′2

 ⇒-
𝑑

𝑑𝑥

𝑦′

1+𝑦′2
=0

 ⇒
𝒚′

𝟏+𝒚′𝟐
=k  ⇒𝑦′2=

𝑘2

1−𝑘2



 ∴𝑦′=
𝑘

1−𝑘2
=𝑐1

 𝑦 = 𝑐1x+𝑐2 →①
 Let Φ(x)=𝒙𝟐 + 𝒚𝟐=1 ⇒y= 1 − 𝑥2

ψ(x)=x+y=4⇒y=4-x

①⇒ 1 − 𝑥0
2=𝑐1𝑥0+𝑐2→②

4-𝑥1=𝑐1𝑥1+𝑐2→③
The transversality condition is

𝐹 + Φ′ − 𝑦′
𝜕𝐹

𝜕𝑦′ (𝑥0,𝑦0)

=0

1 + 𝑦′2 +
−𝑥0

1−𝑥0
2
− 𝑦′

𝑦′

1+𝑦′2
=0

⇒1+𝑦′2 −
𝑥0𝑦′

1−𝑥0
2

-𝑦′2 =0



⇒𝑥0𝑦’= 1 − 𝑥0
2

⇒𝒙𝟎𝒄𝟏= 𝟏 − 𝒙𝟎
𝟐

⇒𝒙𝟎
𝟐 𝒄𝟏

𝟐 + 𝟏 = 𝟏 →④

The transversality condition is

𝐹 + ψ′ − 𝑦′
𝜕𝐹

𝜕𝑦′ (𝑥1,𝑦1)
=0

⇒ 1 + 𝑦′2 + (−1 − y′)
𝑦′

1+𝑦′2
=0

⇒𝑦′1=1

⇒𝒄𝟏=1→⑤

Sub ⑤ in ④, 𝒙𝟎
𝟐 𝟏 + 𝟏 = 𝟏



 ⇒𝑥0=
1

2
→⑥

 Sub ⑥ and ⑤in②, 1 − 𝑥0
2=𝑐1𝑥0+𝑐2

 𝑐2=
1

2
- 1 −

1

2
= 0

 Sub 𝑐2 and 𝑐1 in③ 4-𝑥1=𝑐1𝑥1+𝑐2
 4-𝑥1=𝑥1
 ∴𝑥1=2

 The shortest distance

 I=𝑥0
𝑥1 1 + 𝑦′2 dx

I=1
2

2
1 + 12dx

= 2 2 −
1

2

I=2 2-1



 2) Test for an extremum of the functional

 0
𝑥1 1+𝑦′2

𝑦
dx given that y(0)=0 and 𝑦1=𝑥1-5

 Solution:

 Now, F=
1+𝑦′2

𝑦

 Since F is independent of x,
 The Eulers Equation is given by,



𝑑

𝑑𝑥
𝐹 − 𝑦′

𝜕𝐹

𝜕𝑦′
-
𝜕𝐹

𝜕𝑥
=0→(1)



𝜕𝐹

𝜕𝑦′
=

𝑦′

𝑦 1+𝑦′2

 (1)→
𝑑

𝑑𝑥

1+𝑦′2

𝑦
−

𝑦′2

𝑦 1+𝑦′2
=0





1+𝑦′2

𝑦
−

𝑦′2

𝑦 1+𝑦′2
=a(constant)



1

𝑦 1+𝑦′2
=a

 𝑦′2=
1−𝑦2𝑎2

𝑦2𝑎2



𝑑𝑦

𝑑𝑥
=

1+𝑦′2𝑎2

𝑎𝑦

 𝑑𝑥 =
𝑎𝑦𝑑𝑦

1+𝑦′2𝑎2

 Integrating,

 a
𝑦𝑑𝑦

1+𝑦′2𝑎2
=x+b

 Put, 1-𝑦2𝑎2=𝑡2

 ydy=
−𝑡𝑑𝑡

𝑎2



 a
−𝑡𝑑𝑡

𝑎2𝑡
=x+b



−1

𝑎
t=x+b



−1

𝑎
1 − 𝑎2𝑦2=x+b

 Squaring,



1

𝑎2
-𝑦2=(𝑥 + 𝑏)2

 Take, 
1

𝑎2
=𝑘2

 (𝑥 + 𝑏)2+𝑦2=𝑘2 → (1)
 By the transversality condition,

 F+(∅′-y’)
𝜕𝐹

𝜕𝑦′
=0 y=∅ 𝑥

 y=x-5 and so ∅ = 𝑥 − 5

 ∅′ = 1



1+𝑦′2

𝑦
+(1-y’)

𝑦′

𝑦 1+𝑦′2
=0





1+𝑦′2+𝑦′−𝑦′2

𝑦 1+𝑦′2
=0

 1+y’=0

 y’=-1

 Integrating,

 y=-x-b

 y=-(x+b)

 𝑦2=(𝑥 + 𝑏)2

 (𝑥 − 5)2=(𝑥 + 𝑏)2

 𝑥2-2(5)(x)+25=𝑥2+2(b)(x)+𝑏2

 -2(5)x=2bx

 b=-5



 Given: y(0)=0

 (𝑥 + 𝑏)2−𝑘2=-𝑦2

 𝑏2-𝑘2=0

 𝑘2=25

 Sub these values in (1),

 (𝑥 − 5)2+𝑦2=25


